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Trajectory Optimization Using Nonsingular
Orbital Elements and True Longitude

Jean Albert Kechichian®
The Aerospace Corporation, El Segundo, California 90245-4691

The system and adjoint differential equations needed to solve low-thrust transfer and rendezvous trajectories
are derived in terms of nonsingular orbit elements, with the true longitude selected as the sixth variable that also
defines the radial distance. The perturbation accelerations are resolved in the rotating polar frame such that the
equations of motion are written in polar coordinates. This formulation is particularly convenient for the treatment
of the J, perturbation acceleration whose components are easily expressed in terms of the true longitude. The
iterations needed for the solution of Kepler’s equation are also eliminated, and the analytic form of the adjoint

equations is provided in their simplest aspect thus far.

I. Introduction

HE use of orbital elements and in particular nonsingular equi-

noctial elementshasbeen of greatbenefitin developingsimula-
tion software for trajectory propagationand optimization,especially
for low-thrust applications.! > Rapid numerical integration of the
equations for the state and adjoint variables is made possible by
the averaging technique, which is applicable only if these variables
vary slowly in time, precludingthereby the adoption of the Cartesian
coordinates preferred by flight mechanics specialists.

There are many ways of writing the equationsof motion and their
associated adjoint equations because the sixth state variable can be
chosen to be the mean longitude, the eccentric longitude, or the true
longitudeat either the current time or epoch time. This is identicalto
the adoption of the mean anomaly, the eccentricanomaly, or the true
anomaly when the more familiar classical orbit elements are used.
The epoch formulations are fundamental in the sense that all of the
state variables are truly constantin the absence of any perturbative
acceleration, whether it is conservative, such as in the case of the
geopotential or third body effects, or nonconservative, such as in
the case of thrust or atmosphericdrag. The componentresolution of
these accelerations can be made in various rotating orbital frames,
such as the Euler-Hill or polar frame, the equinoctial frame, or even
the tangential frame. Furthermore, the right-hand sides of all of
these system and adjoint differential equations are written in terms
of either the eccentric longitude or the true longitude but not the
mean longitude (the radial distance cannot be written in terms of
the mean longitude), the equations of motion being defined by the
partials of the radial distance with respect to the orbital elements of
choice. Various sets of these elements were adopted, coupled with
the selection of the equinoctial frame and with the radial distance
expressed in terms of the eccentric longitude, to solve the low-
thrusttransferproblem with only the thrustperturbationacceleration
active 58

InRef.9,ithasbeenrecognizedthatthe treatmentof the J, oblate-
ness effect in the context of exact precision-integratedtrajectories
is made easier by the use of the true longitude in the right-hand side
of all of our differential equations becauseit is more complicated to
generate the analytic form of the adjoint equationsif the J, acceler-
ations are written in terms of the eccentric longitude. This paper is
an extension of the analysis presented in Ref. 9 and makes possible
a further simplification by adopting the true longitude as the sixth
state variable instead of the mean longitude of Ref. 9. The need to
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solve Kepler’s transcendental equation is thus eliminated, and the
adjointequations are obtainedin their simplest form thus far. Much
of the original theory of optimal low-thrust transfer using equinoc-
tial elements developed by Edelbaum et al., as well as numerous
solved transfers, is found in Ref. 10.

II. Equations of Motion with the True Longitude

as the Sixth State Variable

The variational equations for the classical orbit elements and in
the Gaussian form, with the disturbing accelerationresolved in the
rotating Euler-Hill orbital frame (also knownas the polar coordinate
frame), are given by

a = Qd*/l)lesy f, + (P'/r) fo (1)

é = (1/W)p'se fr +[(P' + r)coe +relfo} )

i = (reo/h) f 3)

Q= (rso/lsi) fy )

o= (e S+ (s fol Gl ®

. (1 _62)% ’ !
M=n+ T[(p cg- —2re) f, — (p' +r)se- fy]  (6)

Here 6 = w +6* is the orbital angular position, where 6* is the true
anomaly; 7 is the orbit mean motion; p’ = a(1 — €?) is the orbit pa-
rameter; i’ = [pa(1 —e?)]'/? is the orbitangularmomentum with
the Earth gravity constant; and f,, f,, and f;, are the components of
the disturbing acceleration vector I" = f/m = f, i = (f,, fy, f»)
with magnitude f; such that m is the spacecraft mass and f is the
magnitude of the disturbing force or, in our case, the thrust vectorf.
The direction of the acceleration vector is given by the unit vector
suchthat f, = fiu,, fy = f,uys,and f;, = f,u,. The radial distance
r = p'/(1 4 ecy+), with ¢y« standing for cos 6* and sy+ standing for
sin 6%, etc. Equation (6) for the mean anomaly can be replaced by
Eq. (7) for the true anomaly,

0" = (h'/r*) + (1/el)[p'co- f, — (P +P)se fol (D)

These equations can also be written for the nonsingularequinoc-
tial elements a, h, k, p, q, and A, where a = a, h = e sin(w + Q),
k = ecos(w + Q), p = tan(i/2)sinQ, g = tan(i/2)cos <2, and
A = M+ w + Q, which is also called the mean longitude:

2

@ = ————[(ks, —hec,) f, + (1 +hs, +kep) fy] (8)
n(l — h? —k2)2
LR ke
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b= 2na(l + hs; + kcy)

e e ok
1= 2na(1l + hs; + kcy)

(I +p*+a*eLfi (12)

(1—h?— k)3

).\, =N — ———————
na(l + hs; +kcp)

{[BQ+hse +key)

1
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The true longitude L appearing in the right-hand side of the pre-
ceding differential equations is defined as L = 6* + o + Q or
L =6 + Q, and the factor 8 is a function only of & and k with
1
p=——— (14)
1+ (1 —h?— k)2

The precedingequationshave been transformedto their presentform
by making use of the identitiesr = a(1 —h>—k?)/(1+hs, +kc,),
h =na®*(1 — h?> —k*)'/2, and

(a/er) [kcp + hsp — ez]
—(1/e) + (a/er)(1 —e€*) = (1/e)[(p'/r) — 1]
cox = (afer)(1 — ez)%(ksp — hcy)

Sg*

which are then written in terms of L with the use of the identity
r(ks; — hep)

(ks — hep) = ——teto
a(l — h? — k?)*

We thus have sy« = (ks, — hey)/(h* + k?)'/? and ¢p» = (hs, +
kep)/(h* +k%)'?, and from @ = L — Q, we have s, = s;.cq — ¢S
and ¢y = cycq + 5.5q, which are written in their final form by
replacing sq = p/(p? + ¢*)'? and cq = q/(p* + q*)"/*:
_ qsL . pcL

P> +q)? (PP +g)?

c s

qcL — o+ PSL :
(P2+4q»)7 (P> +4q?)?
We alsohave p'/r = (1+hs, +kc,)andr/h = (1 —h*>—k»)!/?/
[na(l + hs; + kcp)].

Because X is being integrated, the current value of L must be
computed from the identities’

cp = (a/r)[(1 —h*Bycy + hkBsy — k] (15)
s. = (a/r)[hkBer + (1 — K*B)sy — h] (16)

after evaluating the eccentric longitude F' from Kepler’s equation
A = F — ksp + hcp. By definition, F = E + w + 2, where E
is the classical eccentric anomaly. We can avoid these intermedi-
ate calculations concerning F if we replace Eq. (13) for A by the
corresponding equation for L because we have L = 0* + (o + Q)
= 0* + o, with ® = w + Q representing the longitude of pericen-
ter. Making use of Eq. (7) and with /' /r? = n(1 + hs; + kc.)?/
(1 —h? = k2)3/2,

= (1/he)[—p'cy fr + (P’ + r)sp fy] + (r/h)sy tan(i /2) £
(17)

So

Cyp =

we get

L=0"4+d=0/r*+ /h)s,tan(i/2) f; (18)

The term s, tani is evaluated from the definitions s;,, = P>+
)2/ + p> + ¢ and ¢;jp = 1/ (1 + p? + ¢*)'/?, such that
tani/2 = (p> + ¢?)"/? and finally s, tani /2 = (gs, — pc.). The
definitions of p and g also provide directly the precedingexpression
for tani /2. We can now write the differential equation for L as

o nad(1— k2 — k)3 r(gs;, — pc
i = ( . ) + (gsy — pcr) lfh (19)
r na*(l — h* — k%)
or 2 2 244
. n(l+hs, +kep) 1 —h*—k*)2
L= - = (gs. — peu) fu

(1—h2— k)3 na(l + hs; +key)

(20

The full set of the equations of motion is now given by Eqs.
(8-12) and (19) or (20) with the true longitude L obtained directly
through integration. This set will provide us with the simplest form
of the adjointequations becausenow we cansetdL/da =9dL/dh =
9L /3k = 0 when generatingthese adjointdifferentialequationsand
eliminatethe need for solving the transcendental Keplerequationfor
F through iteration. Letz = (@ h k p g L)T stand for the state
vector with corresponding adjoint A, = (A, Ay Ax A, Ay Ag)T.
The dynamic equations are given in compact form by

a Bl, Bj, B
h By By By | .,
kl_ | B Bw B ||, 7
p BL BL BL i
41 42 43 u,
q BL  BL BL
! 51 P2 DPs3
L B, Bg Bg
_ 0 _
0
0
+ 0 @1
0
na’(1 — h? — k)%
L r2 .

The Hamiltonian and the differential equations for the adjoints are
obtained from

na(1 — h? — k?)%

H=XB"@) fii+x, > (22)
. 9H IBL o | na®(1 — n? — k>
N L L PPN LR Sl it D LN DY
0z © 0z 0z r?

where B” is the 6 x 3 matrix shown in Eq. (21). Because L is now
independent of a, i, k, p, and ¢q, we have in Eq. (23) dL/3a =
dL/dh = 9L/dk = dL/dp = dL/dq = 0. The radial distance
r appears in the matrix BX such that we need the partials dr/da,
dr/dh,dr/dk,and dr /3L to generateEq. (23). The partialsdr/dp =
dr/dq = 0 becauser is an in-plane variable, as is also L.

From the definition of 7,

a(l —h? —k?) 28
y = —
1+ hs; + ke,
itis straightforwardto get
ar r
— = 25
da a (25)
We also have
ar _ —2ah _a(l— h? —k?)s,, 26)
Bh 1+hSL +kCL (1+hSL +kCL)2
which can also be written as
ar r
—_— - (2ah 27
oh e @7
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In a similar way, we have the following two forms for dr/dk:

ar —2ak a(l —h* —k*c, (28)
ak ~ 14hs, +ke, (14 hs, +ke,)?
ar
e — Y 29
ok a( ke @9
Finally,
9 2 hey —k
r r cr S (30)

AL al-m—k

This partial can also be written in terms of the eccentric longitude
F because we have the identity’

r  ks; —hcp

ksp — hep = = — (31)
a(l —h2—k2)3
such that
or  r(ksp — hcr) (32)
aL (1—h? _kZ)%
Itis also shown in Ref. 9 that
oL 1+h k
_=£(1_h2_k2)%=+s++cﬁ (33)
oF r (1 —h2—k2)2

which is obtained by direct differentiation of the identities ¢, =
(a/r)[(1 —h*B)cp + hkBsp —k]and s, = (a/r) [hkBcr + (1 —
k*B)sp — h].

We can now verify that

dr  9r oL r(ksp —hcy)

aF ~ 3L OF (l_hz_kZ)%

x L1 = =k} = atksy — her) (34)
r

which is the same expression obtained directly from the definition
of r in terms of F, namely, r = a(l — kcy — hsy) and therefore
dr/dF = a(ksr — hcp). It is also shown in Ref. 9 that dr/dr =
(@?/r*)(1 — h? — k*)!'/? such that the chain rule

ﬂ _ ﬂ% _ a(ksy th)l (35)
oA oL oA (1—h2 —k2)?
recovers the expression for the partial 37/dX obtained in Ref. 9.
Let us now digress momentarily from the task of deriving Eq.
(23) and discuss the similarities between the formulation developed
in this paper and the formulation based on the set (a, h, k, p, q, F)
developedin Ref. 8. Neither of these two formulationsrequires solu-
tion of Kepler’s transcendental equation iteratively at each integra-
tion step because the dynamicequationsfor the set (a, &, k, p, q, L)
are written in terms of the sixth variable L, and the dynamic equa-
tions for the set (a, h, k, p, g, F) are written in terms of the sixth
variable F. The fact that the polar frame is used in the present case
and the equinoctial frame in the second case, for the component
resolution of the disturbing acceleration, is irrelevantto our discus-
sion. In both of these formulations, dr/da = r/a. However, if we
compare 9r/dh = —asy of Ref. 8 with dr/dh of Eq. (26) or (27),
we will find, after expressing —asp in terms of L, that these two
partials, as expected, are not identical. The same holds true for the
dr/dk partial of Ref. 8, which is equal to —acr, and the present
partial in Eq. (28) or (29). The expressions for s and ¢y in terms
of L are

+ r (1 —h*B)s, — hkBe,
a  (1—h—k)3
L (1 —k*B)c, — hkps,
a (1 —h2— k)3

sp=nh (36)

crp =k (37)

Let us now go back to the original formulations of Refs. 7 and 9,
whichuse theset (a, h, k, p, g, 1).InRef.9, L appearsas the acces-

sory variable in the right-hand side of the equations of motion.
Therefore L = f(h, k, F) with F = f(h, k, A) such that

or _ or n or (0L
ah ] — \on aL \ oh

tot L tot
_(or N ar [ (oL N aL dF
~ \oh . OL|\dn/),  OF oh

On the other hand, from Ref. 7, we have withr = a(1 —kcy — hsy),

(38)

ar ar or oF
(a_h) = (a_h) T 39
tot F
However, dr /3 F can be written as
ar or oL
9F ~ 9L oF @0
such that Eq. (39) takes the following form:
ar ar or oL oF
— == —_—— 41
(ah)m (ah)F+aL oF oh “h

Equations (38) and (41) must be identical, which in turn shows that

ar ar oL ar
(a—h)L “(31) (a—h)F - (%)F )
Because (dr/dh)y = —asg,

r(ksg — hep)
(1 — h? —k2)*

ar  r? hep —ksp
AL al—h2—k>

and because, from Ref. 9, dL/dF = (a/r)(1 — h* — k*)!/? with
dF/0h = —(a/r)cp, we can now evaluate (L /dh)r needed in
Eq. (42) by making use of the (0L /dh),, partial developedin Ref. 9
such that, in terms of F,

(%) =@ /r)(sp — (A — k2 = k) + (Y, /a) + 2h
0h / (1= h> — k)} (ks — hep)
dL OF

_ (L) |
~\oh ), OF oh

Therefore, with (9L /dh),, given by Eq. (43),

ALY _ (3L _2L3F _ (L) @\ . o
oh ), \on)_  oF ah ~ \oh) = r "

which is now used in Eq. (42) with (3r/dh), given by Eq. (27).
Because Y| = rs,, the left-hand side of Eq. (42) can be written as
2hr rY, a’ ( "
_ _ (s —
1—h2—k2 a(l—h>—k?) r "

43)

. rY, . 2hr +a2(k her)
—(KSg — hncCp)cC
a(l—h>—k»  1—h>—k> 0 PO

2 2 2

a a a
= _TSF + Th(l - Ci-) + TkSFCF
@
= —— (1 — hsgp —kcp)sp = —asp
’

which is the expression of (3r/dh)r. Therefore, Eq. (42) holds,
showing how (dr/dh), differs from (dr/dh).

Identical arguments also show how (dr/dk), differs from
(dr/dk)r. These manipulations show that, when either L or F is
selected as the sixth state variable, the variation of 7 due to the vari-
ations in & and k must not account for the variation of r due to the
variationsof the respectiveanomalies. Furthermore, holding L fixed
or F fixed will yield different partials, as was just shown. When the
orbit is circular,e = O or & = k = 0 and r = a, and the expres-
sion for dr/dh in Eq. (27) reduces to dr/dh = —rs,. However,
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from Eq. (36) we also get sy = s, such that 9r/dh = —as; and
therefore (3r/dh), = (3r/dh)r. When e # 0, these two partials
are therefore not identical. The same observationsin Egs. (29) and
(37) show that (3r/dk);, = —rc, withc;, = cr whene = 0, and in
thatcase (9r/dk); = (3r/dk)r, too. We can now derive the d BL /9z
partials. We have with dr/dh, dr /dk,and dr /9 L givenby Eqs. (27),
(29), and (30), respectively,and with an /da = —3n/2a, and letting
G=00-h—=k»"and K = (1 + p* + ¢?), the elements of the
B™ matrix and their partial derivatives with respect to all six orbital
elements as given in the Appendix.

III. Numerical Results

Let us now establish the mathematical relationshipsbetween the
Lagrange multipliers of the (a, &, k, p, g, ») formulation of Ref. 9
and the present (a, h, k, p, q, L) formulation. Using the A super-
script and the L superscript for the A and L formulations, respec-
tively, we can write

Ay da+ A dh + ap dk + A, dp + A} dg + A) dr + H* dt
= Ayda + Ay dh 4 Ay dk+ A5 dp

+hgdg +ApdL + H" dt (44)

The Hamiltonians are both constant because both systems are au-
tonomous and equal to the unit value to satisfy the transversality
condition for a minimum-time transfer. We now need to express dL
in terms of di, dk, and dA. From L = f(h, k, F), we have

oL oL oL
L=(=) dhi+ (=) dk+=—=dF
d (ah)Fd +(ak)Fd +opd 45)

From F = f(h, k, A), we have

or oF oF
dF = —dh + —dk + —dA 46
oh * ok * oA (46)

which can also be written as
dF = (a/r)(d\ — cp dh + s dk) 47)

because we have dF/dh = —(a/r)cyp, 0F/dk = (a/r)sp, and
dF/d) = a/r.ReplacingdF in Eq. (45), we get

oL a 0JL oL a oL
L=[(Z) 2o an+| (=) +Zsens |ak
¢ [(ah)F rCFBF:|d +|:(ak)F+rsF8Fi|d

a oL oL oL a oL
——dr=|— dh — dk +—-—dr (48
+r8F (E)h)wt —’_(E)k)wt +r8F (48)

where the partials (3 L/dh) and (3 L/3k), have been obtained in
Ref. 9 as

oL _
ah
@/r)(1 = h> = k)I[(1 = h2B)s, — hkBe, | — 5, — 2(a/r)h
he, — ks,

(49)
oL
’-
@/r)(1 = B = k)2 [(1 = K*B)e, — hkps,] — e, — 2a/r)k
hep —ksg

(50

ReplacingdL in Eq. (48) in the identity given in Eq. (44) and equat-
ing the coefficients of all of the differentials, we get

Apda + ay dh + g dk + A5 dp + A, dg + A% d

=y da + ry dh + 5 dk+ 1y dp + A dg

oL oL adlL
AL —) dnr — ) dk+-—-—dr
+ L[(ah)lot +(ak)lot +raF i|

and therefore

A=Al (51)
dL
A=A+ Al — 52
h h + L(ah)lot ( )
dL
M=+l = 53
k k + L(ak)lot ( )
A=Al (54)
A __ 4L
Ar = (55)
dL 2
M= e = (1 - 1= )t (56)

because dL/dF = (a/r)(1 — h* — k?)!/? (Ref. 4). If the initial
orbit is circular, then (), = (a), (h)y = (k); = 0, and therefore
(A5)o = (A})o. Furthermore, if we optimize the initial and final
orbital positions, we must require (A%)y and (A%); = 0. The first
conditionwillin turnresultin (A})o = (Af)oand (A})o = (Af)o such
that the Lagrange multipliers of both formulations have identical
initial values,namely, (A2)o = (A})o, (Ao = (A)os Ao = (A))o,
(Ao = W)o, (Ao = (X))o, and (X))o = (A})o-

We can verify that the mathematics presented in this paper are
indeed correct by duplicating the minimum-time transfer example
presented in Ref. 9. Given the initial and target orbits shown in
Table 1, with both M, and M ; free, and using the accelerationvalue
of f; = 9.8 x 1075 km/s?, the converged values of the multipliers at
time zero, as well as the optimized value of the initial mean longitude
(A)o = —2.2747428 rad and the minimum time 7, = 58,089.9005s
of the solution generated in Ref. 9 are used to run an open-loop
trajectory with the present formulation to verify that the desired
transfer is achieved. Starting from

(1), = 4.675229762s/km (i), = 5413413947 % 10°s
(rf), = —9.202702084 x 10’ s
(57)
(r%), =1.778011878 x 10's

(1)), = —2.258455855x 10*s  (L)o = —2.274742851rad
and integrating both the system and adjointequationsuntil 74, using
the optimalcontrolii =[] B (2)17 /IA] B-(z)|, we getthe achieved
orbitlistedin Table 1, with (AL) ; = 8.3054694 x 1073 s/rad and op-
timized (L) ; = 19.6567242rad correspondingto M ; = 46.169264
deg. Note that (L), in Eq. (57) correspondsto My = —130.333164
deg, which is our initial optimized orbit location obtained in Ref.
9. The value of M achieved here is very close to the optimized
solution of Ref. 9 of M ; = 46.146408 deg, duplicating thereby the
optimal transfer example of Ref. 9.

We have also obtained an identical solution by iteration starting
from guessed values for the various multipliers, (1)o, and flight
time 7;. We now compare the multipliers’ time histories of both
formulations, namely, the (a, h, k, p, q, ) formulation of Ref. 9

Table1 Transfer parameters

Orbit a, km e i,deg

Q, deg w, deg M, deg

Initial 7,000 0 28.5
Target 42,000 1073 1
Achieved  41,999.9929  9.983 x 104

0.999797  0.000326

0 0 —130.333164 (optimized)
0 0 Free
359.995148 46.169264 (optimized)
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Fig. 1 Evolution of A\, multipliers during low-Earth-orbit-to-near-
GEO minimum-time transfer.
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Fig.2 Evolution of \;, multipliers during optimal transfer.
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Fig. 3 Evolution of \; multipliers during optimal transfer.

and the present (a, h, k, p, q, L) formulation. Figure 1 shows the
A, evolution with identical curves as shown in Eq. (51). Figures 2
and 3 are for the A, and A, multipliers with (A})o = (Af)o, (A})o =
(AP)o,and (W) r = (M) s, (M) 5 = (X)) ¢, as predicted by Eqgs. (52)
and (53) because (AF)g = (M) ; = 0 to satisfy the boundary condi-
tions at the initial and final times, which have been optimized for a
free-free minimum-time transfer. Figures 4 and 5 show that ()»2) =
(3%) and (A7) = (1]) at all times, whereas Fig. 6 shows how (1})
and (A%) evolve during the transfer, starting and ending at zero with
essentially identical behavior during the first spiraling stage of the
transferwhere eccentricity stays small, and differingin magnitudeas
the eccentricitybuilds up for the direct transfer orbitto geostationary
Earth orbit (GEO). This is expected because the true and mean
longitudes are identical for zero eccentricity as is the case with the
true and mean anomalies.
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Fig.4 Evolution of \, multipliers during optimal transfer.
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Fig.5 Evolution of \; multipliers during optimal transfer.

A%, At, sec/rad-thousands

-2

Time, hours

Fig. 6 Evolution of A\, and A multipliers during optimal transfer.

IV. Conclusions

The derivations leading to the generation of the full set of the
equations of motion and of their corresponding adjoints are pre-
sented in terms of nonsingular orbit elements, with the true longi-
tude representingthe sixth state variable. Polar coordinates are used
for the resolution of the perturbing accelerations, with all 12 differ-
ential equations written directly in terms of the true longitudeitself.
This formulationis simple in terms of both the boundary conditions
and the complexity of the analytic form of the equations for the
adjoints. This is amenable to the straightforward treatment of the
Earth oblateness perturbation, with the various accelerationcompo-
nents written simply in terms of the true longitude. An example of a
minimum-time, free-free, low-thrust orbit transfer generated earlier
is duplicated by the present analysis to validate the mathematical
derivations shown in this paper.
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Appendix: B* Matrix and Its Partial Derivatives

Bl =2n"'G " (ks; — hcy) (A1)
dBL ad
20— 922G ksy — hey) (A2)
da da
dBL
B_};l =2n"'hG 3 (ks, —hey) —2n7'G7 e, (A3)
9Bk
a_k“ =2n"kG 3 ks, — hey) + 207G ls, (A4)
9B~ dBL
11 — 11 =0 (AS)
ap dq
% = 2n’lG’l(kc + hs;) (A6)
- L L
oL
B, =2n"'ar™'G (A7)
dBL Rl
—12 —2n’zar’l—nG (A8)
da da
dBL ad
_Bhlz = —2nilar*28—2G —2n"'ar'hG™! (A9)
dBL ad
B_klz = —2nilar*2Ga—; —2ntar'kG! (A10)
dBL dBL
—L2=—L=9 (A11)
ap aq
dBL ad
20— opigrrG il (A12)
oL oL

where Bl; = 0 and therefore all of its partials are equal to zero;

Bi =—-n"'a"'Gc, (A13)
dBL
—2 = 27 'y a2 Gey, (A14)
da
OBL
a—;‘ =n"'a'hG ¢, (A15)
9 BL
WZI =n"la kG ¢, (A16)
3By _ 9By _ 0 (A17)
ap dq
9 BL
a—Zl =n"'a'Gs, (A18)

Bf, =n"la G " (h+s)+n"'a'Gs, (A19)

dBL

822 =2""n"1a7rG T (h+s) +27'n a2 G, (A20)
a
dBL
—2Z =pn'a2G " (h +s1) +rhG
oh
+n'arG"' —n'a hs, G™! (A21)
aBsz -1 -2 IS -1
ok =n"'a2G"(h +s1) +rkG na ks;G
(A22)
dOBL 0BL
22 — 22 — (A23)

ap aq

0BL Rl
a—zzznflafz(h +SL)G718_;, +n'a?re,G' +n"'a"¢,G
(A24)
BZL3 =—n"'a2rG 'k(pc, — qs1) (A25)
dBL
a0 B = _27'n a3 G k(pe, — qs) (A26)
a
aBsz [ g, S| _
m —n"a "G k(pcr — qst) +hrG (A27)
dBL ar
Bkﬂ =-n"'a?G~ lk(ch—qsL)( + krG— )
—n'a2rG " (pc, — qs;1) (A28)
dBL
—B = n'a %G ke, (A29)
ap
dBL
2z =n"'a?rG ks, (A30)
dq
dBL ar
2= -G kper — a5 5T
+n a2 rGYk(ps, + qcy) (A31)
B3Ll =n"'a 'Gs, (A32)
BB
=2"'"n"'a2Gs, (A33)
Ba
dBL
8_21 =—-n"'a'G 'hs, (A34)
dBL
Wﬂ =—n"'a'G ks, (A35)
dBL dBL
—L="A=9 (A36)
ap aq
dBL
8[3,1 =n"'a'Gc, (A37)
BL =n"'a?rG '(k+c,)+n"'a"'Gc, (A38)
dBL
822 27 a7 rG T (k) +27'na T Ge, (A39)
dBL
8;2 nlaG~ (k+cL)( + hrG~ )—nlathch
(A40)
dBL
—2 = 'a2G (k+¢;) +krG
ok
S R | 1,21
n~a kG ¢, +n"a”°rG (A41)
dBL dBL
—2=—2=9 (A42)
ap dq
dBL ad
—822=nila’2G*1(k+cL)a—2—n’l a2rG! Sy —nila*IGsL
(A43)
By =n"'a7*rG ' h(pe, — qs1) (A44)
9B, L la=3rG!
=27 “rG” h(pe, —qs.) (A45)

Ba



ad B3L3

or
oh =n"la?G" lh(ch—qsL)( + hrG~ )

+nla?rG! (pcr —qsp)

9 BL
—ak‘” nla??G~ lh(ch—qsL)( +krG~ )
0BEL
—E = pn'a2rG he,
ap
BBL
—3 = _n a4 %G hs,
dq
9B,

ar
oL n a7 G h(pep — qSL)a—L

—n"'a2rG ' h(psy, + qcr)

Bfy=2"n"a?rG'Ks,
BL
0 —8 —4'n a3 rG 'K sy,
da
BB or
Bh =2""n"'a72G~ KsL(ﬁ—f—her)

dBL Rl
—8 =271y 1'a2G 'K sy, (B_lr( + ker)

ok
dBL
843 —n’la’er’lpsL
14
dBL
843 =n"la>rG gs,
q
dBL, or
—8 =27y 'a G 'K —+2 'nla=?rG'Kc
L baL ¢
BSL3 =2""n""a"2rG 'K,
dBL
853 =4""n"'a3rG K¢,
a
dBL I ar B
_8}:3 =2""n""'a7%G lKCL(B—h—f—hrG 2)
dBL Lo or
3_1:322 'nla72G ‘KcL(ak+k G- )
dBL
a“—n a”rG 'pcy,
14
0BL
853 =n"'a?rG 'qc
q
dBL or
aL“ =2""n"'a?G™ KcLa—L—Z 'n"'a*rG™'Ks,

BGL3 =na’r2G +n"'a2rG " (gs; — pcr)

BB

a =2"n"a>rG (g5, — pcy)
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(A46)

(A47)

(A48)

(A49)

(A50)

(A51)

(A52)

(A53)

(A54)

(A55)

(A56)

(A57)

(A58)

(A59)

(A60)

(A61)

(A62)

(A63)

(A64)

(A65)

(A66)

9BL ar
—ah“ =n"ta"*(gs, — pc, )G (a_h + rth) (A67)
9BL ar
—ak“ =n"'a?(gs, — pc,)G™' (B_k + rsz) (A68)
dBL
—63 = nilaierilCL (A69)
ap
dBL
8 — plag2r Gy, (A70)
dq
dBL d
S =nla s - ch)GJa_IrJ +nlar(qeL + ps)G™!
(A71)
Finally,

9 | na2(1 — h> — k)% 3
O | nat(d—h” — k)2 — _Znar2G (A72)
da r2 2

3 | na>(1 — n2 —k»z 9
— u = —2na2r’3G—r —na*r?hG™!
oh r2 oh

(A73)

9 | na>(1 — h> — k?)3

0
ok > = —2na2rGa—; —na’r’kG™!
’

(A74)

9 | na>(1 — h? — k)3

9
= a6 (A75)
oL r? oL
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